
Physics of the Dark Universe 42 (2023) 101276

p
A

i
t
W
t
R
(
o
A
(
m
a
d
a
m
a
n
c
m

n
(

h
2

Contents lists available at ScienceDirect

Physics of the Dark Universe

journal homepage: www.elsevier.com/locate/dark

Cosmological constraints on dark energy in f (Q ) gravity: A
arametrized perspective
. Mussatayeva a, N. Myrzakulov b,c, M. Koussour d,∗

a Department of Physics and Chemistry, S. Seifullin Kazakh Agrotechnical University, Astana 010011, Kazakhstan
b L.N. Gumilyov Eurasian National University, Astana 010008, Kazakhstan
c Ratbay Myrzakulov Eurasian International Centre for Theoretical Physics, Astana 010009, Kazakhstan
d Quantum Physics and Magnetism Team, LPMC, Faculty of Science Ben M’sik, Casablanca Hassan II University, Morocco

a r t i c l e i n f o

Article history:
Received 3 April 2023
Received in revised form 6 June 2023
Accepted 22 June 2023

Keywords:
f (Q ) gravity
Dark energy
EoS parameter
Cosmological constraints

a b s t r a c t

In this paper, we focus on the parametrization of the effective equation of state (EoS) parameter within
the framework of f (Q ) symmetric teleparallel gravity. Here, the gravitational action is represented
by an arbitrary function of the non-metricity scalar Q . By utilizing a specific parametrization of the
effective EoS parameter and a power-law model of f (Q ) theory, namely f (Q ) = βQ (m+1) (where β

and m are arbitrary constants), we derive the cosmological solution of the Hubble parameter H(z). To
constrain model parameters, we employ recent observational data, including the Observational Hubble
parameter Data (OHD), Baryon Acoustic Oscillations data (BAO), and Type Ia supernovae data (SNe Ia).
The current constrained value of the deceleration parameter is found to be q0 = −0.50+0.01

−0.01, indicating
that the current Universe is accelerating. Furthermore, we examine the evolution of the density, EoS,
and Om(z) diagnostic parameters to deduce the accelerating nature of the Universe. Finally, we perform
a stability analysis with linear perturbations to confirm the model’s stability.

© 2023 Elsevier B.V. All rights reserved.
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1. Introduction

In modern cosmology, the observational aspect is critical. The
ntroduction of new tools in observation causes cosmologists
o reassess the formulation of gravitational theories regularly.
ith the discovery of Hubble, Einstein was forced to remove

he cosmological constant from his field equations in General
elativity Theory (GRT). The observation of Type Ia supernovae
SNe Ia) in 1998 forced cosmologists to abandon the hypothesis
f decelerating Universe expansion [1,2]. Since then, the Baryon
coustic Oscillations (BAO) [3,4], Cosmic Microwave Background
CMB) [5,6], and Large Scale Structure (LSS) [7,8], and many more
easurements have provided evidence for the Universe’s acceler-
ted expansion. Thus, it is critical to include observable data while
eveloping a theoretical cosmological model of the Universe. The
ccelerated expansion of the Universe is a key characteristic of
odern cosmology. The Einstein field equations in GRT invari-
bly result in a decelerating expansion of the Universe with the
ormal matter constituent. The accelerating expansion can be
haracterized by introducing a new constituent to the energy–
omentum tensor part of the field equations or by making some
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changes to the geometrical part. Using these concepts, recent
research has developed a variety of cosmological models of the
Universe that explain the accelerating expansion. The notion of
dark energy (DE) has recently gained prominence. DE is an exotic
energy constituent with high negative pressure that explains
numerous data and addresses several significant issues in modern
cosmology. The second alternative is to suppose that GRT fails at
large scales and that gravity may be explained via a more general
action than the Einstein–Hilbert action.

In general, modified theories of gravity can be divided be-
tween models following the GRT structure with null torsion and
non-metricity (such as the f (R) and f (R, T ) theories [9–12]), mod-
els with torsion T (the teleparallel equivalent of GRT) [13,14],
and models with non-metricity Q (the symmetric teleparallel
equivalent of GRT) [15,16]. Here, we will examine the f (Q ) theory,
an extension of the symmetric teleparallel equivalent GRT in
which gravity is due to the non-metricity scalar Q . In f (Q ) theory,
the covariant divergence of the metric tensor gµν is non-zero, and
his feature can be represented mathematically in terms of a new
eometric variable known as non-metricity i.e. Qγµν = ∇γ gµν ,
hich geometrically represents the variation of the length of a
ector in a parallel transport process.
Recently, several intriguing cosmological and astrophysical

onsequences of f (Q ) gravity have been published, such as: The
first cosmological solutions [16,17]; Quantum cosmology [18];

The coupling matter in f (Q ) gravity [19]; Black hole solutions [20];
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eneral covariant symmetric teleparallel gravity [21]; Evidence
hat non-metricity of f (Q ) gravity can challenge ΛCDM [22];
ravitational waves [23–25]; The acceleration of the Universe and
E [26–30]; Observational constraints [31–33].
Motivated by the previous discussion and studies on modified

(Q ) theory of gravity, in the present study, the accelerated ex-
ansion has been investigated using one specific parametrization
f the total or effective equation of state (EoS) parameter ωeff in
he background of f (Q ) theory of gravity (Section 3 explored the
undamental features of the specified ωeff ). We have also consid-
red the power-law form of f (Q ) = βQ (m+1), where β and m
re arbitrary constants [19]. The primary purpose of this research
s to examine the nature of late-time cosmology’s evolution. The
bservational constraints on model parameters are established by
mploying the Observational Hubble parameter data (OHD), BAO
ata, and SNe data. We then examined the evolution of the den-
ity parameter, the effective EoS parameter, and the deceleration
arameter at the 1−σ and 2−σ confidence levels (CL) using the
stimated values of model parameters. This work is structured
s follows: in Section 2, we present a brief review of the f (Q )
ravity. In Section 3, we write the cosmological solution of the
ubble parameter by using a specific parametrization of the
ffective EoS parameter and a power-law model of f (Q ) theory.
n Section 4, we calculate the values of the model parameters
sing the combined OHD+BAO+SNe data. Moreover, we describe
he behavior of several parameters such as the density, EoS, and
eceleration parameters. In Section 5, we examine the Om(z)
iagnostic parameter history of our f (Q ) model to see if the
ssumed model recognizes the DE behavior, and then we do a
inear perturbation analysis. Finally, in Section 6, we summarize
ur findings.

. A brief review of f (Q ) gravity

In general, in the presence of matter components, the action
or a f (Q ) gravity model is written as [15,16],

=

∫
√

−gd4x
[
f (Q )
2κ2 + Lm

]
, (1)

here g is the determinant of the metric tensor gµν , i.e. g =

et(gµν), κ2
= 8πG = 1/M2

p , G is the Newtonian constant, while
p is the reduced Planck mass. Lm denotes the Lagrangian density
f the matter components. For the time being, the term f (Q ) is an
rbitrary function of the non-metricity scalar Q .
The tensor of non-metricity and its traces are given by

γµν = ∇γ gµν, (2)

β = gµνQβµν Q̃β = gµνQµβν . (3)

Furthermore, as a function of the non-metricity tensor, the
uperpotential (or the non-metricity conjugate) can be expressed
s,

β
µν = −

1
2
Lβ

µν +
1
4
(Q β

− Q̃ β )gµν −
1
4
δ

β

(µQν). (4)

where Lβ
µν is the disformation tensor,

Lβ
µν ≡

1
2
gβσ

(
Qνµσ + Qµνσ − Qβµν

)
. (5)

Hence, the non-metricity scalar is expressed as,

Q = −QβµνPβµν . (6)

Using the variation of action in Eq. (1) with respect to the
metric tensor gµν , one can obtain the field equations,

2
√ ∇β

(
fQ

√
−g Pβ

µν

)
+

1
f gµν +
−g 2
2

fQ
(
PµβλQ βλ

ν − 2QβλµPβλ
ν

)
= −Tµν, (7)

where fQ =
df
dQ

. Moreover, Tµν is the energy–momentum tensor

of the cosmic fluid, which is considered to be a perfect fluid,
i.e. Tµν = (ρ + p)uµuν + pgµν , where uµ

= (1, 0, 0, 0) represents
the 4-velocity vector components that form the fluid. ρ and
p represent the total energy density and total pressure of any
perfect fluid of matter and DE, respectively.

In the context of a flat FLRW space–time, the modified Fried-
mann equations

ds2 = −dt2 + a2(t)[dx2 + dy2 + dz2], (8)

where a(t) is the scale factor of the Universe are given by [19]

3H2
=

1
2fQ

(
−ρ +

f
2

)
, (9)

˙ + 3H2
+

ḟQ
fQ

H =
1
2fQ

(
p +

f
2

)
, (10)

here Q = 6H2, and H denotes the Hubble parameter, which
stimates the rate of expansion of the Universe. It is interesting
o note that the standard Friedmann equations of GR can be found
f the function f (Q ) = −Q is considered, i.e. 3H2

= ρ and
Ḣ + 3H2

= −p.
In our study, we consider a simplified cosmological scenario

here the universe is composed of two main components: matter
nd DE. The matter is assumed to be fluid without pressure (pm =

), while DE is considered to possess negative pressure, which is
esponsible for driving the observed cosmic acceleration. For this
eason, we assume that ρ = ρm + ρDE and p = pDE . In addition,
he equation of state (EoS) parameter is a quantity used in cos-
ology to explain the properties of DE. The effective or total EoS
arameter is defined as the ratio of the total pressure to the total
nergy density. In the context of our study, it takes into account
ontributions from various cosmic components, including DE and
atter. Therefore, the effective EoS parameter, denoted as ωeff , is
iven by

eff =
p
ρ

= −1 +

(
.

H +

.
fQ
fQ
H

) (
2fQ

)
( f
2 − 6H2fQ

) . (11)

The above dot symbolizes the differentiation with regard to
osmic time t . Furthermore, the EoS parameter which combines
he energy density and pressure of the DE component is,

DE =
pDE
ρDE

(12)

Now, in order to derive the matter conservation equation, we
can be taking the trace of the field equation,
.
ρm + 3ρmH = 0, (13)

By solving Eq. (13), we are able to derive the solution for the
energy density of the matter ρm as,

ρm = ρm0a−3, (14)

where ρm0 is the present value of the energy density of the
matter.

3. Late-time cosmological evolution via a specific type of EoS
parameter

This section examines the Universe’s evolution at late times
using a specific type of EoS parameter. However, the equations
obtained from this analysis are complex and require numerical
solutions. To simplify the implementation of such solutions, a



A. Mussatayeva, N. Myrzakulov and M. Koussour Physics of the Dark Universe 42 (2023) 101276

c
t
p

w
t

a
s

a

g
a

4
β

a

p

o

ω

t

w
p
t
r
p
w

d

r
v
s
n

r
t

(
c
t
w

−

o
1
b
f
i
d
t
a
n
c

hange of variable is performed, where the red-shift, z, is used as
he dynamical variable instead of the cosmic time t . One starting
oint that we can rely on is that z =

a0
a(t) − 1, where a0 is the

present time of the scale factor. For simplicity, the scale factor
is set to 1 currently. It is not directly observable, but we can
observe the ratio of the scale factor at different times to its value
at the present time. The following relationship may therefore be
deduced: d

dt = −H (z) (1 + z) d
dz . Thus, it is clear that.

.

H = −H (z) (1 + z)H
′

(z) , (15)

here, the symbol ‘prime’ represents differentiation with respect
o the red-shift variable, denoted by ’z’.

In this context, it is evident that we can utilize only Eqs. (9)
nd (10) for our analysis. However, rather than solving the en-
uing equation for H(z), we can introduce an effective form of
the EoS parameter, which is defined as follows: ωeff = −1 +

A
A+B(1+z)−3 , where A and B are arbitrary constants. The reason
behind selecting this particular parametrization for ωeff is that
t high red-shift values z ≫ 1 (early stages of cosmological

evolution), ωeff is nearly zero, indicating the behavior of the EoS
parameter for a pressureless fluid, such as ordinary matter. As
we move towards the present epoch (z = 0), ωeff decreases
radually to negative values, leading to negative pressure and
n effective EoS value ωeff = −

B
A+B . In this case, the func-

tional form of ωeff is dependent on the specific values of A
and B. As a result, the form of ωeff can effortlessly incorpo-
rate the phases of cosmic evolution, including the early matter-
dominated era and the late-time DE-dominated era. The specific
form mentioned, introduced in Ref. [34], exhibits phantom-like
behavior in the present epoch. Due to the presence of a large
number of free parameters in the effective EoS parameter, we
adopt a specific approach for the observational analysis. In order
to constrain the model and facilitate the analysis, we fix the
value of n to be 3. In literature, various parametrization models
of EoS for DE have been proposed and fitted to observational
data. Ref. [35] proposed an one-parameter family of EoS DE
model. Two-parameters family of EoS DE parametrizations, es-
pecially the Chevallier–Polarski–Linder parametrization [36,37],
the Linear parametrization [37–40], the Logarithmic parametriza-
tion [41], the Jassal–Bagla–Padmanabhan parametrization [42],
and the Barboza–Alcaniz parametrization [43], were also ex-
plored. Further, in [44–46] three and four parameters family of
EoS DE parametrizations are examined.

In this section, we will look at a specific cosmological model in
f (Q ) gravity theory. We also look at how geometrical and physical
cosmological parameters such as energy density, pressure, and
deceleration behave under f (Q ) gravity. In this study, we investi-
gate the scenario where the function f (Q ) can be expressed as,
f (Q ) = βQ (m+1), where β and m are arbitrary constants [19,
7,48]. For the function f (Q ) we obtain the expression fQ =

(1 + m)Qm and fQQ = β (1 + m)mQm−1. By putting the above
expressions for f , fQ , and fQQ into Eqs. (9) and (10) we can derive
the energy density and pressure as,

ρ = β
(
−2m)

3m+1(2m + 1)H2(m+1), (16)

nd

= β6m(2m + 1)H2m (
2Ḣ(m + 1) + 3H2) . (17)

Now by using Eq. (11), we obtain the EoS parameter in terms
f Hubble parameter and its derivative as,

eff = −1 +
2 (m + 1)

3
(1 + z)H ′ (z)

H (z)
. (18)

By using Eq. (18) and the presumed ansatz of ωeff , the evolu-
ion equation of the Hubble function takes the form

dH (z)
=

3A (1 + z)2( 3 )H (z) , (19)

dz 2 (m + 1) A (1 + z) + B

3

which yields the following solution

H (z) = H0

[
A(z + 1)3 + B

A + B

] 1
2m+2

, (20)

here H0 describes the present value (i.e. at z = 0) of the Hubble
arameter. In particular, for the scenario m = 0 with β = −1,
he solution reduces to f (Q ) = −Q . In other words, it is directly
elated to the ΛCDM model. As a result, the equation for Hubble
arameter H (z) is reduced to H (z) = H0

[
Ω0

m (1 + z)3 + Ω0
Λ

] 1
2 ,

here Ω0
m =

A
A+B and Ω0

Λ =
(
1 − Ω0

m

)
=

B
A+B are the present

density parameters for matter and the cosmological constant,
respectively. As a result, the model parameter m is an excellent
indicator of the present model’s deviation from the ΛCDM model
ue to the addition of non-metricity terms.
The deceleration parameter q is one of the cosmological pa-

ameters that is important in describing the status of our Uni-
erse’s expansion. If the value of the deceleration parameter is
trictly less than zero, the cosmos accelerates; when it is non-
egative, the cosmos decelerates. The deceleration parameter q

is defined as q (z) = −
..
a

aH2 = −1+
(1+z)
H(z)

dH(z)
dz . In this scenario, the

expression of the deceleration parameter is

q (z) = −1 +
3A(1 + z)3

2(m + 1)
(
A(1 + z)3 + B

) . (21)

The behavior and important cosmological features of the model
epresented in Eq. (20) are entirely reliant on the model parame-
ers (A, B, and m). In the next part, we use current observational
data to study the behavior of the cosmological parameters to
constrain the model parameters (A, B, and m).

4. Method of data fitting

In our research, we took into account the most current and
relevant observational findings:

• Observational Hubble parameter Data (OHD): We exam-
ine H(z) data points calculated by employing differential
galaxy ages as a function of red-shift z and line-of-sight BAO
data. [49–51].

• Baryon Acoustic Oscillation (BAO): We additionally take
into account the BAO data from the SDSS-MGS, Wiggle Z, and
6dFGS projects [52–54].

• Type-Ia Supernova measurement (SNe Ia): We examine
the Pantheon sample of 1048 SNe Ia luminosity distance
values from the Pan-STARSS1 (PS1) Medium Deep Survey,
the Low-z, SDSS, SNLS, and HST missions [55,56].

In addition, for likelihood minimization, we employ the MCMC
Markov Chain Monte Carlo) sample from the Python package em-
ee [57] , which is commonly used in astrophysics and cosmology
o investigate the parameter space θs = (A, B,m). To do this,
e are now focusing on three data: OHD, BAO, and SNe Ia data.

We evaluate the priors on the parameters −10.0 < A < 10.0,
10.0 < B < 10.0, and −10.0 < m < 10.0. To find out the
utcomes of our MCMC study, we employed 100 walkers and
000 steps. The discussion about the observational data has also
een presented in a very similar fashion in Ref. [2], shedding
urther light on the significance of these findings. In the follow-
ng subsections of our manuscript, we provide further detailed
iscussions on the observational data used, as well as the sta-
istical analyses employed. We aim to present a comprehensive
nd transparent description of our methodology, emphasizing the
ovelty and contributions of our work while acknowledging the
ommonalities with existing literature.
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.1. OHD

We utilize a commonly popular compilation with an updated
et of 57 data points. In this collection of 57 Hubble data points,
1 were measured using the method of differential age (DA),
hile the remaining 26 were measured using BAO and other
ethods in the red-shift range provided as 0.07 ≤ z ≤ 2.42,

allowing us to determine the expansion rate of the Universe at
red-shift z. Hence, the Hubble parameter H(z) as a function of
red-shift can be written as

H(z) = −
1

1 + z
dz
dt

. (22)

To calculate the mean values of the model parameters A, B,
nd m, we used the chi-square function (χ2) for OHD as,

2
OHD =

57∑
i=1

[H(θs, zi) − Hobs(zi)]2

σ (zi)2
, (23)

here H(zi) denotes the theoretical value for a specific model
t different red-shifts zi, and Hobs(zi) denotes the observational
alue, σ (zi) denotes the observational error.

.2. BAO

We employ a compilation of SDSS, 6dFGS, and Wiggle Z sur-
eys at various red-shifts for BAO data. This paper incorporates
AO data as well as the cosmology listed below,

A(z) = c
∫ z

0

dy
H(y)

, (24)

v(z) =

[
d2A(z)cz
H(z)

]1/3

, (25)

here dA(z) represents the comoving angular diameter distance,
nd Dv represents the dilation scale. Moreover, the chi-square

function (χ2) for BAO is given by

χ2
BAO = XTC−1

BAOX . (26)

Here, X depends on the considered survey and C−1
BAO represents

the inverse covariance matrix [54].

4.3. SNe

To obtain the best values using SNe Ia, we begin with the mea-
sured distance modulus µobs produced from SNe Ia detections and
compare it to the theoretical value µth. The Pantheon sample, a
recent SNe Ia dataset containing 1048 points of distance modulus
µobs at various red-shifts in the range 0.01 < z < 2.26, is taken
into consideration in this work. The distance modulus of each SNe
can be calculated using the following equations:

µth(z) = 5log10
dl(z)
Mpc

+ 25, (27)

l(z) = c(1 + z)
∫ z

0

dy
H(y, θ )

. (28)

here c is the speed of light. The distance modulus can be
alculated using the relationship,

= mB − MB + αx1 − β c + ∆M + ∆B, (29)

here mB is the measured peak magnitude at the B-band max-
imum, and MB is the absolute magnitude. The parameters c , α,
, and x1, respectively, correspond to the color at the brightness
oint, the luminosity stretch-color relation, and the light color
hape. Moreover, ∆M and ∆B are distance adjustments based on
he host galaxy’s mass and simulation-based anticipated biases.
 i

4

The nuisance parameters in the above equation were obtained
using a novel method known as BEAMS with Bias Corrections
(BBC) [58]. As a result, the measured distance modulus is equal
to the difference between the apparent magnitude mB and the
bsolute magnitude MB i.e., µ = mB −MB. For the Pantheon data,

the χ2 function is assumed to be,

χ2
SNe =

1048∑
i,j=1

∆µi
(
C−1
SNe

)
ij ∆µj (30)

where ∆µi = µth − µobs and CSNe represents the covariance
atrix.

.4. OHD + BAO + SNe

Now, the χ2 function for the OHD+BAO+SNe data is assumed
to be,

χ2
total = χ2

OHD + χ2
BAO + χ2

SNe, (31)

By using the aforementioned combined OHD+BAO+SNe data,
e obtained the best-fit values of the model parameters A, B, and
, as shown in Fig. 1 with 1 − σ and 2 − σ likelihood contours.
he best-fit values obtained are A = 0.342+0.022

−0.022, B = 0.677+0.025
−0.025,

nd m = 0.013+0.021
−0.021. For m = 0, Fig. 2 shows the results of 1−σ

and 2 − σ likelihood contours with the best-fit values of model
parameters are A = 0.3353 ± 0.0010, and B = 0.6837 ± 0.0019.
Figs. 3 and 4

also show the error bars for H(z) and µ(z) using H0 =

(67.4 ± 0.5) Km/s/Mpc [59]. The figures also show a comparison
of our model to the commonly used ΛCDM model in cosmology
i.e. H (z) = H0

√
Ω0

m (1 + z)3 + Ω0
Λ (we have considered Ω0

m =

.315± 0.007) [59]. As shown in the figures, our model matches
he observed data nicely.

We will now discuss the cosmological consequences of the ob-
ained observational constraints. Using the obtained mean values
f the model parameters A, B, and m constrained by the combined

OHD+BAO+SNe data, we investigate the behavior of the density,
the EoS, and the deceleration parameters.

In Figs. 5, 6, and 7, we presented the density parameter, EoS
parameter, and deceleration parameter as a function of red-shift
for the combined OHD + BAO + SNe data. From Fig. 5, it can be
observed that as the universe expands, both the matter density
parameter and the DE density parameter exhibit a decrease. In
the late stages, the matter density approaches zero, while the DE
density converges towards a small value. In addition, the den-
sities parameter behaves positively for model parameter values
constrained by the combined OHD + BAO + SNe data.

As mentioned in Section 2, the EoS parameter is a vital cosmo-
logical parameter for understanding the nature of the Universe
and its history through time, and it is defined as ω =

p
ρ
, where

p is the pressure and ρ is the energy density. The value of the
EoS parameter governs how the fluid behaves and how it affects
the expansion of the Universe. For example, if ω = 0, the fluid
is referred to as non-relativistic matter and behaves like dust.
However, if ω = 1/3, the fluid is referred to as relativistic
matter and behaves like radiation. If ω < −1/3, the fluid is
considered to have negative pressure and is responsible for the
Universe’s accelerated expansion, a phenomenon associated with
DE, which includes the quintessence (−1 < ω < −1/3) era,
cosmological constant (ω = −1), and phantom era (ω < −1). The
xisting observational constraints imply that the EoS parameter
f the Universe’s dominating component (DE), is extremely near
o −1. In other terms, the pressure of DE is negative and nearly
onstant, fueling the Universe’s accelerated expansion. Recent
nvestigations of the CMB radiation, the LSS of the Universe, the
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Fig. 1. The 1 − σ and 2 − σ confidence curves for the model parameters A, B, and m with combined OHD + BAO + SNe data.
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Fig. 2. The 1− σ and 2− σ confidence curves for the model parameters A, and
with combined OHD + BAO + SNe data for m = 0.

luminosity-distance relation of SNe Ia, and others, have given
compelling evidence for the existence of DE and its dominating
role in the Universe’s expansion. The most recent measurements
of the EoS parameter from these data produce a value of ω0 =

−1.03 ± 0.03 [59], which is compatible with the cosmological
constant.

In this paper, we focus on the analysis of an effective EoS
parameter using three model parameters: A, B, and m. The be-
havior of the EoS parameter is depicted in Fig. 6 for constrained
5

values of A, B, and m from the combined OHD + BAO + SNe data.
From the analysis conducted, it is apparent that both the evolv-
ing EoS parameter for the DE and the effective EoS parameter
demonstrate quintessence-like behavior. This observation high-
lights the resemblance to the typical characteristics associated
with quintessence, shedding light on the intriguing nature of the
DE component under investigation. The present value (i.e. at z =

0) of the EoS parameter for DE is ω0 = −0.91 ± 0.08 [60,61],
indicating an accelerating phase.

In addition, as shown in Fig. 7, we analyzed the behavior
of the deceleration parameter for constrained values of A, B,
nd m from the combined OHD + BAO + SNe data. The sign of
he deceleration parameter (q) indicates whether the model is
ccelerating or decelerating. If q > 0, the model decelerates,
f q = 0, it expands at a steady rate, and if −1 < q < 0,
t expands at an accelerating rate. With q = −1, the Universe
hows exponential growth or De-Sitter expansion and super-
xponential expansion for q < −1. In Eq. (21), we have obtained
he deceleration parameter for our model. According to Fig. 7,
he model transitions from a decelerated stage to an accelerated
tage. It can also be seen that our model initially decelerates
q > 0) and then approaches exponential expansion in late times
q = −1). In the figure, we also compare our model to the
ommonly accepted ΛCDM model in cosmology. According to
he constrained values of model parameters A, B, and m from
he combined OHD + BAO + SNe data, the present value of the
ransition red-shift is ztr = 0.60±0.02 [62–64], while the present
alue of the deceleration parameter is q0 = −0.50±0.01 [65–67],
ndicating that the phase is accelerating.

. Om(z) diagnostic and linear perturbations

.1. Om(z) Diagnostic

Sahni et al. [68] introduced the Om(z) diagnostic parameter
s an alternative to the statefinder parameter, which aids in
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Fig. 3. The evolution of Hubble parameter H(z) with regard to red-shift z. The black dashed line represents the ΛCDM model, the red line is our model’s curve, and
he blue dots show error bars. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. The evolution of distance modulus µ(z) with regard to red-shift z. The black dashed line represents the ΛCDM model, the red line is our model’s curve, and
he blue dots show error bars. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
B

p

O

Fig. 5. Evolution of the density parameter for matter and DE from the study of
he combined OHD + BAO + SNe data for the best fitting values of A, B, and m.

distinguishing the current matter density contrast Om in various
models more successfully. This is also a geometrical diagnos-
tic that is clearly dependent on red-shift ( z) and the Hubble
6

Fig. 6. Evolution of the EoS parameter from the study of the combined OHD +

AO + SNe data for the best fitting values of A, and B.

arameter (H). It is defined as follows:

m (z) =

(
H(z)
H0

)2
− 1

3 . (32)

(1 + z) − 1
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Fig. 7. Evolution of the deceleration parameter from the study of the combined
OHD + BAO + SNe data for the best fitting values of A, B, and m.

Fig. 8. Evolution of the Om(z) diagnostic parameter from the study of the
ombined OHD + BAO + SNe data for the best fitting values of A, B, and m.

The negative slope of Om(z) corresponds to quintessence type
behavior (−1 < ω < −1/3), while the positive slope corresponds
to phantom-type behavior (ω < −1). The ΛCDM model (ω =

−1) is represented by the constant nature of Om(z). According
to Fig. 8, the Om(z) diagnostic parameter has a negative slope
throughout its entire domain. As a result of the Om(z) diagnostic
test, our f (Q ) model follows the quintessence scenario. Based on
the findings, we can draw a conclusive inference that the behav-
ior of the Om(z) diagnostic parameter aligns with the behavior
exhibited by the EoS parameter. The correspondence between
these two parameters indicates a strong relationship, suggesting
that variations in the EoS parameter are effectively captured by
the Om(z) diagnostic parameter. This observation underscores the
utility and reliability of the Om(z) parameter as a diagnostic tool
for understanding the dynamics of the DE component.

5.2. Linear perturbations

In this subsection, our focus is on examining the stability of the
f (Q ) cosmological model by analyzing the effects of linear homo-
geneity and isotropic perturbation. By considering small devia-
tions from the Hubble parameter given by Eq. (20) and the energy
density evolution i.e. Eq. (9), we aim to understand the behavior
and robustness of the cosmological models under study. Linear
perturbation analysis has been extensively used in cosmology to
study the growth of structures and the evolution of the universe.
Many previous studies have successfully employed linear approx-
imations to explore the behavior of modified gravity theories
7

and assess their compatibility with observational data [69–72].
The perturbations under consideration in this analysis are of first
order,

H(t) = H(t)(1 + δ (t)) (33)

ρ(t) = ρ(t)(1 + δm (t)), (34)

where δ (t) represents the isotropic deviation of the background
Hubble parameter, while δm (t) corresponds to the matter over-
density. Hence, the perturbation of the functions f (Q ) and fQ can
be expressed as δf = fQ δQ and δfQ = fQQ δQ , where δQ = 12HδH
is the first-order perturbation of the scalar Q . So, neglecting the
higher power of δ (t), the Hubble parameter can be expressed as
6Ĥ2

= 6H2 (1 + δ (t))2 = 6H2 (1 + 2δ (t)). Now, using Eq. (9) we
get

Q
(
fQ + 2QfQQ

)
δ = −ρδm. (35)

This gives rise to the matter-geometric perturbation relation,
and the perturbed Hubble parameter can be calculated using
Eq. (33). Then, just use perturbation continuity equation to get
the analytical solution to the perturbation function,

δ̇m + 3H(1 + ω)δ = 0. (36)

Solving the above equations for δ and δm yields the first order
differential equation,

δ̇m −
3H(1 + ω)ρ

Q (fQ + 2QfQQ )
δm = 0. (37)

Using Eqs. (9) and (10) to simplify the previous equation once
more, the solution is expressed as,

δm (z) = δm0H (z) , (38)

and

δ (z) = −
δm0

3
(
1 + ωeff

) .

H
H

. (39)

By using Eqs. (20) and (38), we obtain

m (z) = δm0H0

(
A(z + 1)3 + B

A + B

) 1
2m+2

. (40)

Again, by using Eqs. (18) and (39), we obtain

δ (z) =

δm0H0

(
A(z+1)3+B

A+B

) 1
2m+2

2(m + 1)
. (41)

Figs. 9 and 10 show the history of the perturbation terms
m (z) and δ (z) in terms of red-shift z. Both the perturbations

δm (z) and δ (z) diminish rapidly and reach zero at late times. It
may also be demonstrated that the behavior of δm (z) and δ (z)
is the same for all model parameter values. Consequently, using
the scalar perturbation approach, our f (Q ) model demonstrates
stable behavior.

6. Conclusion

The current scenario of accelerating Universe expansion is
now a significant topic of study. Two approaches have been
proposed to explain this cosmic acceleration. One approach is to
investigate different dynamical DE models (such as quintessence
and phantom), while another is to analyze alternate gravity the-
ories. In this paper, we investigated accelerated expansion us-
ing the FLRW Universe and the f (Q ) theory of gravity, particu-
larly f (Q ) = βQ (m+1), where β and m are arbitrary constants.
We obtained the solution of the Hubble parameter using the
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Fig. 9. Evolution of the δ(z) from the study of the combined OHD + BAO + SNe
data for the best fitting values of A, B, and m and different δm0 values.

Fig. 10. Evolution of the δm(z) from the study of the combined OHD+BAO+SNe
data for the best fitting values of A, B, and m and different δm0 values.

parametrization form of the effective EoS parameter as ωeff =

−1 +
A

A+B(1+z)−3 (where A and B are arbitrary constants), which
eads to a varying deceleration parameter. As shown in Section 4
f this work, we constrained model parameters (A, B, and m)

using the MCMC approach with a combined analysis of OHD, BAO,
nd SNe data. The best-fit values obtained are A = 0.342+0.022

−0.022,
= 0.677+0.025

−0.025, and m = 0.013+0.021
−0.021. For m = 0, the best-fit

= 0.3353 ± 0.0010, and B = 0.6837 ± 0.0019. Furthermore,
ith the constrained values of A, B, and m from the combined
HD+BAO+SNe data, we analyzed the behavior of the density pa-
ameter, EoS parameter, and deceleration parameter as a function
f red-shift, as shown in Figs. 5, 6, and 7. Fig. 5 shows that both
he matter density parameter and the DE density parameter are
ncreasing functions of red-shift and exhibit the expected positive
ehavior. The evolution of the EoS parameter in Fig. 6 supported
he accelerating nature of the Universe’s expansion phase, and the
odel behaves like a quintessence in the present. Furthermore,

he present value of the EoS parameter for DE is estimated to be
0 = −0.91 ± 0.08. Fig. 7 indicates that the model transitions
rom a decelerated stage to an accelerated stage. The present
alue of the transition red-shift is ztr = 0.60 ± 0.02 based on
onstrained values of model parameters A, B, and m from the
combined OHD + BAO + SNe data, whereas the present value of
8

the deceleration parameter is q0 = −0.50 ± 0.01, showing that
the phase is accelerating.

Then we evaluated the Om(z) diagnostic parameter for our
presumed f (Q ) model. As a result, we observed that the behavior
of the Om(z) diagnostic parameter conforms to the behavior of
the effective EoS parameter. Lastly, the perturbation terms shown
in Figs. 9 and 10 confirmed that the model is stable under the
scalar perturbation method. Based on our analysis, we reach a
compelling conclusion that our f (Q ) cosmology, incorporating
the effective EoS parameter form, offers a highly efficient frame-
work for explaining various late-time cosmic phenomena in the
Universe. The fact that this model demonstrates observational
validity further supports its credibility and reliability.
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